An integral equation of Volterra type with additional compact operator in Banach space is considered. A special case is an integral equation of contact problem that arises in theory of viscoelasticity of mixed Fredholm and Volterra type with spectral parameter depending on time.
Introduction
We consider in an arbitrary complex Banach space B the following integral equation:
K t, s u s ds Au t − λ t u t f t , t
where u : 0, ∞ → B is unknown function, A : B → B is a linear compact operator, K : Q → C is the kernel, f : 0, ∞ → B is a given function, and λ : 0, ∞ → C is a function which we may interpret as spectral parameter. We indicated above by Q the set Q t, s ∈ R 2 : 0 ≤ s ≤ t < ∞ .
2 Abstract and Applied Analysis
The main example is the following integral equation:
K t, s u x, s ds
Ω R x, y u y, t dy − λ t u x, t f x, t ,
where x ∈ Ω and t ≥ 0, which we consider in Banach spaces B L p Ω or B C Ω . We suppose that the set Ω ⊂ R n is measurable in Lebesgue sense. The equations of such type are known as partial integral equations and were first considered by Salam 1 see also 2 , and books 3, 4 . The equation 1.3 arises in the theory of viscoelasticity 5 see also 6 . The kernels K t, s and R x, y are connected with some elastic creeping base and λ t is the given value which describes the elastic properties of deformable body. We may refer also to work 7 , where the more general integral equations in Hilbert space were considered. The main purpose of the present paper is to find conditions of solvability of 1.1 in case where λ 0 coincides with some isolated pole of the resolvent R λ A A − λI −1 .
The Conditions for Solvability on the Spectrum
We suppose that λ t is a continuous function. Denote by Λ t the range of the function λ s on the interval 0, t
It is clear that because of continuity of the function λ t the set Λ t for every t ≥ 0 is closed. We say that u ∈ C B 0, ∞ if u is an abstract function u : 0, ∞ → B, which is continuous on the half-line 0, ∞ , and set
Denote by σ A the spectrum of a compact operator A and consider for λ / ∈ σ A the resolvent R λ A A − λI −1 of the operator A. In case where Λ t ∩ σ A for all t ≥ 0 it is not difficult to show that 1.1 has continuous solution u t for any continuous function f t . The problem is more complicated when Λ t has a common point with spectrum of A and that is the main idea of our consideration. Note that the case where A is self-adjoint operator in Hilbert space was studied in 7-9 . In this paper we assume that λ 0 coincides with one of the points λ 0 / 0 of the spectrum of the operator A. From the mechanical point of view it means that the initial state of the considered system coincides with resonance. The problem is how to change the function λ t for t > 0 in order to get the existence and uniqueness of the solution. It was proved in 7 that the answer is almost obvious: λ t must go away from the spectrum as fast as possible. We suppose that λ t has m continuous derivatives on the half line t ≥ 0, where m will be chosen below. The main assumption is the following:
It is necessary to add some conditions to establish the one-valued solvability of 1.1 . It was shown in 7 that one of these conditions is K 0, 0 0. Indeed, if K 0, 0 / 0 then there exists the function λ t , which satisfies condition 2.3 , however the homogeneous equation 
Example
Let μ / 0 be a simple eigenvalue of the operator A and u μ be the corresponding eigenvector:
where
In case where K 0, 0 / 0 this function satisfies condition 2.3 since
It is clear that u t is a solution of the homogeneous equation 2.4 . Let p be a natural number. We assume that the kernel K t, s is defined on the whole plane R 2 , has all partial derivatives of order ≤p, which are continuous on the plane R 2 and the following conditions: Further, we say that u ⊥ ker A * if u ∈ B and v u 0 for all v ∈ ker A * . According to Fredholm-Riesz-Schauder theory, every nonzero point λ 0 of the spectrum of A is an eigenvalue and
It is well known that the resolvent of the compact operator is meromorphic function and the nonzero eigenvalues of this operator coincide with poles of this function see, e.g., 10 , Chapter VIII, Section 8 . 
Solvability on the Spectrum
We apply also the additional restrictions on the function f and its derivatives at the point t 0 and prove the following result. In what follows we assume that the condition 2.10 with some natural p is fulfilled.
We say that the function λ : 0, ∞ → C belongs to the space C m 0, ∞ , if this function has m continuous derivatives for t ≥ 0. 
Proof. It is not difficult to show that the estimate
follows from assumption 2.3 . According to condition 3.1 , for all λ near to λ 0 the estimate
is valid, and 3.4 follows from 3.5 and 3.6 . For an arbitrary T > 0 this solution exists on the interval 0, T , and because of uniqueness we may state that this solution belongs to C B 0, ∞ .
Lemma 3.4. Let the conditions 2.10 be fulfilled. Then for m ≤ p the following equality
K t,
Lemma 3.7. Let f k ∈ B and
Then there exist the elements 
Proof. We construct the elements θ kj using the back induction and begin with the case k m − 1 
3.24
It is clear that β m−1 t satisfies condition 3.20 . Now assume that Lemma 3.3 is valid for some k < m and prove it for k − 1, that is, show that there exist θ k−1,j so that the function
satisfies equation
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If we change f k to f k−1 3.18 then, we may state that there exists the function u k t so that
Set for t ≥ 0
where θ * will be defined below. Taking into account 3.27 we may write for t > 0
Then, according to 3.28 ,
3.31
If we choose θ * ⊥ ker A * − λ 0 I so that Uniqueness follows from Lemma 3.6.
Remark
Note that assumption 3.2 of Theorem 3.2 is important. If this is not satisfied then existence of the continuous solution is not guaranteed. In order to show this, it is enough to consider the finite-dimensional operator with corresponding Jordan matrix whose diagonal and subdiagonal elements are equal to 1 and all other elements are equal to 0. The next example makes clear this statement.
Example
Let us consider 1.3 for Ω 0, π and for kernel We suppose that λ / 0 and λ / 1. Then the solution of this algebraic system is and it is clear that this solution does not belong to C 0, ∞ .
Remark
We may note that the estimate of the solution may be obtained using the properties of some entire functions just as in 11 .
